y^K 517.984 

nH^e4)HHHTHaa 3a/i;aHa IIlTypMa-JlHyBHjijia 
HeKOTopbix KjiaccoB caMono;i;o6Hbix cnnryjiapHbix bgcob 

A. A. BjiaflHMHpoB, H. A. LUeiinaK 
Ahhotali;H5I. B CTaTbe npo^ojiJKaeTCfl Hsy^eHne Bonpoca 06 acHMOTOTHKe cnexTpa rpaHHT^Hoii 

§ -y" - ^py = 0, 

(N : y(0) = y{i) = 0, 

r^e p ecTb (jjyHKijHfl h3 npocTpancTBa W2 [0,1], HMeiomaH caMonoflo6Hyio nepBOo6pa3HyK). 
PaccMaTpHBaiOTCH cjiyHan HeapH(i)MeTHHecKoro h BbipojKfleHHoro apncjjMeTH^ecKoro 
caMonoflo6Hfl TaKoii nepBoo6pa3HOH. 

. 1. Bfie^eHHe 

d • 

B HacToamen CTaTbe Sy^eT npoflOJi>KeHO nanaToe b pa6oTe [3] Hsy^enHe Bonpoca o 
cneKTpajibHbix acHMnTOTHKax rpanHHHOH aa^a^H 

>: (1-1) -y"-\py = Q, 

(1-2) y(0) = y(l) = 0, 

O 

I r^e BecoBaa 4)yHKii;H5i p HMeeT caMonofloSHyio KBa;i;paTHMHO cyMMnpyeiviyio nepBOo6pa3Hyio. 

^ ■ L[ejib HacToaineH CTaTbH coctoht b paccMOTpeHHH flByx cjiynaeB caMonofloSna, ocTaBinnxca 

Q . HepaaoSpaHHbiMH b npe^bi^ymeH pa6oTe. 

^ \ HepBbiM H3 HHx aBjiaeTca BOSHHKaiomHH npH flonymeHHH HHfle4)HHHTH0CTH Beca p 

Bbipo>KfleHHbiH cjiy^aH apH4)MeTHHecKoro caMono^oGna, onHCbiBaeMbiH hh^kg b TeopeMe 14.11 
CooTBeTCTByiomHH anajior TeopeMbi BOCCTanoBjieHHa Gy^eT ^OKaaan b naparpa(J)e El 

BTopbiM H3 3THX cjiy^acB aBjiacTca cjiy^an HeapH(J)MeTH^ecKoro caMonoflo6Ha. 
CooTBeTCTByiomHH anajior TeopeMbi BOCCTanoBJieHHa 5yfleT ;i;oKa3aH b naparpa(J)e El 



X 



2. TeopeMa BoccTanoBjieHHa b Bbipoac^eHHOM apH(})MeTHHecKOM cjiynae 

OcHOBHbiM peayjibTaTOM HacToamero naparpa(J)a abJiaeTca cjie;i;yioiii;ee yTBepjK;i;eHHe. 

Teopema 2.1. IJycm'b (puKcupoeano npouaeoAhuoe nojioMcumejihHoe eeiu,ecmeeHHoe hucao 
T. IJycm'b Ha6opu Heompuii,amejibHux uuceA {uk}k=i u {vk}k=i TnaKoeu, umo 

N N 
fc=l k=l 



Pa6oTa noflflepjKana P<I><I>H, rpanT 04-01-00712, h (jjOHflOM no/mepacKH Beflymnx nayHHbix niKOJi, 
rpaHT Hm-1927.2003.1. 

1 



2 

npuueM Hau6oAbmuu o6u^uu deAumejih HOMepoe k, Bah Komopux cnpaeedAueo Hepaeencmeo 
Uk + Vk > 0, paeen 1. Flycmh maKMce 

yk ^ [{N - l)/2] U2k+i = 0, 

VA; ^ [N/2] V2k = 0, 

sde uepes [a] o6o3HaHaemcn i^eAaH uacmt hucau a. HaKOHev,, nycmb Henpepuenue na M 
cf)yHKii,uu Xj, sde j = 1,2, ydoeAemeopHiom ycAoeuHM 

VtGM+ \Xj{t)\^I{je-^\ 
Wt e Xj{t) = 0. 

3decb Hj, sde j = 1,2, — noAoofcumeAbHue hucag. Tozda cyiu,ecmeyem u eduHcmeeuHa napa 
Henpepueuux na R (pyHKVtUU Zj, sde j = 1,2, ydoeAemeopHK)iu,aH ypaeueHUHM 

N 

\/t e M+ Zj{t) = Xj{t) + ^{uk Zj{t - k) + Vk Z3_j {t-k)), 

k=l 

Vt G M~ Zj{t) = 0. 
IIpu smoM dAH (pyHKV^uu Zj, zde j = 1,2, cnpaeedAueu ov^euKU 

vtGM+ \z,{t)-s{t-] + i)\ ^ (ni + n2)-c(t), 

sde ucHesamiu^aH na 6ecK0HeHH0cmu (^yuKv^uji C ne saeucum om eu6opa c^yHKV^uu Xj, a 
Henpepuenan 2-nepuoduHecKaH (pyuKyuH s UMeem eud 

^ +00 

Vt G M s{t) = J XI ~ + X2{t -2k- 1)) . 

k=—oo 

Hepes J sdecb o6o3HaHeHa eeAUHUua 

N 

J ^ ^k{uk + Vk). 

k=l 

/l^OKaaaTejibCTBO TeopeMbi 12.11 nojinocTbio anajiorH^HO flOKaaaTejibCTBy TeopeMbi 2.2 h3 
pa6oTbi HosTOMy mm ne CTaneivi npHBO^HTb ero noflpoSnoro HSJioJKenHH, a yKajKCM jiHinb 
Ha JiejKamyio b ero ocnoBe jieMMy. Hpn stom, KaK h b nepea ii^r, r,Ae r G M"*", mm Sy^eM 
o6o3HaHaTb npocTpancTBO nocjie;i;oBaTejibHOCTeH 6 = {6n}^=Q, orpaHHHeHHbix no nopMe 

oo 

m\i.,r--Y.'-^\On\. 

n=0 

JIemma 2.1. Uycmb (f)UKCupoeaHU npouseoAbuue r < 1 u R > 1. Uycmb Ha6opu 
Heompmj,ameAbHux hucba {uk}k=i u {vk}k=i TnaKoeu, umo 

N N 
fc=l k=l 
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npuHCM Hau6oAbmuu o6inuu deAumeAb HOMepoe k, djiH Komopux cnpaeedjiueo Hepaeencmeo 
Uk + Vk > 0, paeen 1. Uycmti maKMce 

\fk ^ [{N - l)/2] U2k+i = 0, 

VA; ^ [N/2] V2k = 0, 

sde Hepes [a] o6o3HaHaemcM v,eAaH nacmh Hucjia a. Tosda Sam ak>6ux Xj G £i^r, zde j = 1, 2, 
cymecmeyem u eduHcmeeHHa napa Zj G ii^r pemenuu cucmeMU 

mm(N,n) 

Vn G {0, 1, 2, . . .} Zj^n = Xj^n + ^ {UkZj^n-k + VkZz-j,n-k), j = 1, 2. 

fe=l 

Upu amoM KoopduHamu eeKinopoe Zj, zde j = 1,2, ydoeAemeopHwm oii,eHKe 



VnG{0,l,2,...} 



J 



^ (Ikllki.fl + 1^211^1 • Cn, j = 1,2, 



sde 6ecK0HeHH0 mgagji nocAedoeameAhHocmh {Ck}kLo saeucum om eu6opa Xj, a eeAunuHU 
uj, X u J onpedeAEHU paeencmeaMU 

^ oo 

u^^lj:ix^,,+x,,,), 

k=0 

1 °° 

^J2^-^^''iXi,k-X2,k), 
k=0 

N 

J ^ ^k{uk + Vk). 

k=l 

^OKASATEJlbCTBO. ^Jia flOKasaTejibCTBa jieiviMbi flocTaTOHHO noBTopHTb, c 
HesHaHHTejibHbiMH H3MeHeHH5iMH, paccyjK;i;eHH5i H3 flOKaaaTejibCTBa jieiviMbi 2.2 paSoTbi |3j. 
HosTOMy Mbi orpaHHHHMca yKaaaHHeM na ocHOBHoe otjih^hg paccMaTpHBaeMoro cjiynaa ot 
paaoSpaHHoro b [2], onycKaa TexHHHecKne ^eTajiH. Hpn btom, KaK h b ^epea Xj, Zj, U vi 
V Mbi Sy^eM o6o3Ha^aTb npoHSBOflamne (J)yHKn,HH nocjie^OBaTejibHOCTeH {xj^n}^=oj {zj,n}'^=o, 

{Un}n=l H {Vn}n=l- 

B paccMaTpHBaeMOM BbipojK^eHHOM cjiy^ae npoHSBOflamHe (|)yHKn,HH Zj, r^e j = 1,2, 
HMeiOT na rpaHHn,e e^HHH^Horo Kpyra ne Oflny ocoSenHOCTb (b tohkc w = 1), a ^bg (b TO^Kax 
w = ±1). y^GT flonojiHHTejibHOH oco5eHHOCTH jierKO npoBOflHTca, ecjiH npHHaTb bo BKHManne, 
MTO npn BbinojiHeHHH ycjiOBHH jieMMbi cnpaBefljiHBO TOJK;i;ecTBO 

VwgC {1-U + V){w) = {1-U -V){-w). 

Oho nosBOJiflGT pa3Jio>KHTb BejiHHHHbi (1 — f/ + V){w) na mho^khtcjih 1 + w h Q{—w), rjifi Q — 
MHoroHjien, y^OBjieTBopaiomHH TO>KflecTBy 

yweC {1-U -V){w) = {l-w)-Q{w). 

CKaaaHHoe osHanaeT, hto nocjie^OBaTejiBHOCTH {zj^n}^=o acHMnTOTH^ecKH SKBHBajieHTHbi 
nocjieflOBaTejiBHOCTHM K03(J)(J)Hn,HeHT0B MaKjiopena (^jHKimm 

Xi(l)+X2(l)^X,(-l)-X3_,(-l) 



2J(l-w) 2J(l + w) 
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OTCio^a H BbiTeKaeT yTBepjKfleHne ;i;oKa3biBaeMOH jieMMbi. □ 

3. TeopeMbi BOCCTaHOBjieHHH b neapncJiMeTHHecKOM cjiynae 
D^ejibK) HacTOflmero naparpa(i)a aBjiaeTca flOKaaaTejibCTBO cjieflyiomHx yTBepjKfleHHH. 
Teopema 3.1. IJycmb Ha6op noAootcumeAbHux hucca {uk}k=i manoe, nmo 

N 
k=l 

IJycmt) maKMce Ha6op noAOMCumeAbHux hucca {lk}k=i auhbuho nesaeucuM Had noAeM Q. 
HaKOHe% nycmb HenpepuenaH na M (pynK%j,UH X ydoeAemeopHem npu t — >■ ±oo ycAoeuw 

X{t)^o{t-'). 

Togda cyvnecmeyem u eduHcmeeHHa HenpepuenaH na R (pynKV^UH Z , ydoeAemeopHtoiu^aH 
ypaenenuHM 

N 

VteM Z{t) = X{t) + ^UkZ{t-lk), 

k=l 

lim Z{t) = 0. 
Upu amoM (pyHK%UH Z noduuHMemcM coomnomenuH) 

+ 00 

lim Z(t) = - Xdn, 

t-^+oo J J 

—oo 

zde uepes dji o6o3HaHeHa AuneunaM Mepa Jledeza, a uepes J o6o3HaHeHa eeAuuuna 

N 

J ^^Uk Ik- 



k=l 



Teopema 3.2. Uycmb na6opu neompimflmeAbnux hucca {uk}k=i u {vk}k=i maKoeu, umo 

V/c e {l,...,Ar} Uk + Vk>Q, 



N 



^Vk > 0, 
fc=i 

N 

(3.1) J2{uk + Vk)^l. 



k=l 

Uycmb manotce Ha6op noAOMCumeAbnux hucba {lk}k=i Auneuno nesaeucuM nad noAeM Q. 
HaKOHe% nycmb nenpepuenue na M c^ynKv^uu Xj, sde j = 1, 2, ydoeAemeopniom npu t — >■ ±oo 
ycAoeuHM 

(3.2) X,{t)=o{t-^). 
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Tosda cymecmeyem u eduHcmeeHHa napa Henpepuenux na M (pyHK%uu Zj, zde j = 1,2, 
ydoeAemeopHtou^aH ypaeneHUHM 

N 

(3.3) VtGM Zj{t)=Xj{t) + ^{uuZj{t-lk) + VkZ^^j{t-lu)), 

k=l 

(3.4) lim Zj{t) = 0. 



IIpu smoM (f)yHKii)UU Zj noduuHsiwmcji coomHomeHunM 

(3.5) lim Z,{t) = ^ I {Xr + X2)dfi, 

— oo 

2de Hepes dfi o6o3HaHeHa AuneuHaM Mepa JIe6esa, a nepes J o6o3HaHeHa eeAUHUua 

N 

J ^ ^(Ufc + Vk) Ik- 

k=l 

HenocpeflCTBeHHO naiviH Sy^eT npoBefleno ;i;oKa3aTejibCTBO Teopeivibi 13.21 Teopeivia 13.11 
MOJKeT SbiTb ;i;0Ka3aHa anajiorHHEbiM oSpaaoM; Kpoivie Toro, ona, no-cymecTBy, ne HOBa. B 
MacTHOCTH, j^Jisi cjiy^aa 3KcnoHeHii;HajibHoro ySbiBanna (jDyHKiiHH X yTBepjK;i;eHH5i TeopeMbi l3.1l 
ycTanoBJieHbi b paSoTe (cm. TaKJKe |4l rji. IX, § 9]). 

/^OKaaaTejibCTBO xeopeMbi 13.21 6vjTeT onHpaTbca na pa^ BcnoMoraTejiBHbix yTBepjKfleHHii. 



JIemma 3.1. Uycmb Henpepuenue na M c^yuKv^uu Xj, sde j = 1,2, Heompuv^ameAbHU, u 
nycmb Henpepuenue ma M (pynnu^uu Zj, zde j = 1,2, ydoeAemeopniom ypaenenuHM (|3.3|) . ()3.4|) . 
Tosda (pynK'u;au Zj manotce neompuv^ameAbnu. 

/^OKASATEJlbCTBO. npeflnojio>KHM, hto npn neKOTopbix t e m e {1,2} h e > 
cnpaBe^jiHBO HepaBencTBO Zm(t) < —e. Ecjih 5bi npn Bcex G {1, . . . , A^} h j G {1,2} Sbijih 
cnpaBe^jiHBbi HepaBencTBa Zj{t — Ik) ^ — to, b CHjiy paBencTBa (13.111 h HeoTpHn,aTejibHOCTH 
(i)yHKii;HH Xj , H3 ypaBHenna ()3.3|1 cjie;i;oBajio 6bi npoTHBopenamee c;i;ejiaHHOMy npe;i;nojiojKeHHio 
HepaBGHCTBO Zjn{t) ^ —£. CjieflOBaTejibHO, npH neKOTopbix G {1, . . . , N} h j G {1, 2} ;i;ojijkho 
BbinojinaTbca HepaBencTBO Zj(t — lk) < —£■ IlojiojKHTejibHOCTb BejiHHHH Ik npHBO^HT Tenepb k 
npoTHBopeHHK) c ypaBHenneM ()3.4|1 . □ 

JIemma 3.2. Cymecmeyem hucao C > co cAedytomuM ceoucmeoM: Sam Awdux 
nenpepuenux naM (fjynKij,uu Xj uZj, ede j = 1,2, ydo6AemeopH}om,ux ypaenenuHM ()3.3p . ()3.4|1 
u o%enKaM 

(3.6) VtGM |X,(t)K^, 

zde n — npouseoAhnoe neompunameAbnoe hucao, cnpaeedAueu maKMce ov,enKU 

VtGM \Zj{t)\^C -Yi. 
/l^OKASATEJIbCTBO. Ulas 1. PaccMOTpHM c|)yHKii;Hio T] BH;i;a 

N 

Vt G M r]{t) = ^{uk + Vk) ■ (arctg(t) - arctg(t - h)). 

k=l 
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3Ta 4)yHKii;Ha nojiojKHTejibHa h HivieeT npn t ±00 acHMnTOTHKy rj x Ecjih Tenepb 
nojioJKHTb Xi = X2 ^ r] m 

yteR = Z2(t) ^ ^ + arctg(t), 

TO noflCTanoBKa (i)yHKii;HH Xj h Zj b ypaBneHHa (jSISI), ()3-4p bmccto, cooTBeTCTBGHHO, (i)yHKii;HH 
Xj H Zj Sy^eT ;i;aBaTb Bepnbie paBencTBa. 

lUas 2. 3a4)HKCHpyeM nocTOflHHyio C > co cbohctbom 



r/(t)-(t2 + l)- 

Tor^a jiJia 4)yHKii;HH Xj, y;i;oBJieTBopaioiii;HX ycjiOBHio ()3.6j] . 6y;i;yT BbinojinaTbca HepaBencTBa 

c ■ n 

VtGM ^ r]{t). 

n 

H3 .ireMMbi [3.11 H peayjibTaTOB npeflbi^ymero mara Tenepb BbiTeKaiOT nepaBencTBa 

Vt e M \Zj{t)\ ^ + arctg(t)) , 

oaHa^aiomHe cnpaBe^jiHBOCTb yTBep>KfleHHa jieMMbi. □ 

JIemma 3.3. IJycmb nenpepuenue na R tpyHKUfUU Xj, zde j = 1,2, ydoejiemeopHwm 
npu t ±00 ycAoeuMM ()3.2j] . Tozda cyui^ecmeyem u eduHcmeeHHa napa uenpepueHux na 
M (pyuKviau Zj, sde j = 1,2, ydoejiemeopHwui^aH ypaeneHUMM ()3.3|) . ()3.4j) . 

T^OKASATEJlbCTBO. EflHHCTBeHHOCTb HCKOMOH napbl pemeHHH JierKO BbIBO;i;HTCa H3 

jieMMbi 13.11 ^OKajKeM cymecTBOBaHne stoh napbi. 

Ecjih (|)yHKn,HH Xj, r^e j = 1,2, TO>KflecTBeHHO paBHbi nyjiio Jiesee neKOTopoH to^kh to, to 
cooTBeTCTByiomne pemenHH Zj naxo^HTCfl TpHBnajibHbiM oSpaaoM: jieBee to ohh nojiaraiOTca 
TOJKflecTBeHHO paBHbiMH HyjiK), a npasee to hx SHaneHHa onpe^ejiaiOTCfl h3 ypaBnenHH (j3.3j) . 
SaMeTHM Tenepb, hto ecjin 4)ynKn,HH Xj no^nnnaiOTCfl acHMnTOTHKe (I3.2jl . to naiiflyTCfl Taxne 
nocjie^OBaTejibHOCTH HCHe3aioin;Hx b OKpecTHOCTH tohkh —00 4)yHKn;HH {Xjn}'^=i, hto 5y;i;yT 
cnpaBe^jiHBbi cooTHomeHna 

(3.7) lim fsupf |X,,„(t) - Xj{t)\ ■ if + 1)\\= 0. 

H3 JieMMbi IX2I Tenepb cjie;i;yeT, hto nocjie;i;oBaTej[bHOCTH {^j.„}^i pemeHnii 3a;i;aH 

N 

(3.8) Vt G M Zj,^{t) = X,- „(t) + J2i^k Z,,nit - Ik) + Vk Z^^j^nit - Ik)), 

k=l 

(3.9) lim Z,„(t) = 

paBHOMepno na M cxo^aTca k iieKOTopbiM pemenHaM Zj 3aflaHH ()3.3|1 . ()3.4p . TeM caMbiM, jieMMa 
flOKa3aHa. □ 

JIemma 3.4. /Jaji mo6ux eeuiiecmeeHHUx uuceji Q, zde j = 1,2, ydoeAemeopMwmux 
HepaeeHcmey (1+^2 7^ 0, HaudymcH manue (puHumnue nenpepuenue cfiyHKii^uu Xj, sde j = 1,2, 



nmo 6ydym cnpaeedAueu paeencmea 

+00 



a coomeemcmeywvuue pemenuH Zj sadanu (j3.3jl . (13.411 6ydym nodnuHMmbCM 
acuMnmomuKe (13 .^j) . 

^OKASATEJlbCTBO. 3a(J)HKCHpyeM npoH3BOJibHyio nenpepbiBHyio 4)yHKii;Hio Zi, 
TOJKflecTBeHHO paBHyio b neKOTopoH OKpecTHOCTH —00, H TOJK;i;ecTBeHHO paBHyio (Ci + C2)/2J 

B HeKOTOpOH OKpeCTHOCTH +00. 3a(|)HKCHpyeM TaKJKe (J)yHKIi;HIO Z2 BUJia 

yteR Z2it) = Zi{t-r), 

r^e T — npoH3BOJibHaa BemecTBeHHaa nocToaHHaa. 

ConocTaBjieHHbie (|)yHKn,HaM Zj na ochobg ypaBHenHii (13 .311 (|)yHKn,HH Xj, oneBH^HO, 
aBjiaiOTca (J)HHHTHbiMH. HpH 3T0M, KaK npoBepaGTca Henocpe^CTBeHHO, hmgiot mgcto 

paBGHCTBa 

, C1 + C2 , r(Ci + C2) ^ 
Xidfi= ^ + — 2^Vk, 

k=l 

fc=i 



-00 
+00 



TaKHM o6pa30M, ecjin Bbi6paTb 



_ J(Cl-C2 



(Ci + C2) E 

k=l 



TO 6y^yT BbinojiHeHbi Bce yTBepjKfleHna jieMMbi. □ 

JIemma 3.5. Uycmt) (puHumnue (fiyHKHuu Xj E Cq(]R), sde j = 1,2, ydoejiemeopHwm 
ycAoeuK) 

+00 

(3.10) j (Xi + X2) rf/x = 0. 



acuMnmomuKe 



Tosda peiaeHUH Zj ypaeneHuu ()3.3|) . ()3.4^] nodnuHsiwmcji 

lim Z,(t) = 0. 

t— ++00 

/^OKASATEJlbCTBO. IZ7a2 i. HocKOJibKy (J)yHKn,HH Xj (J)HHHTHbi, Hx (|)ypbe-o6pa3bi Xj 
BH^a 



-00 



VtGM Xj{t) = ^= I e-'*Xjdfi 
\'2n J 



-00 
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aBJiaiOTca SecKoneHHO flH(J)(J)epeHii;HpyeMbiMH. Hpn stom, BBH;i;y rjiaflKOCTH (J)yHKii;HH Xj, 
(J)ypbe-o6pa3bi Xj h Bce hx npoHSBO^Hbie hmgiot b okpgcthocth tohck ±oo acHMnTOTHKy 
0(t~^). KpoMe Toro, h3 npe;i;nojio>KeHHa ()3.1flj) BbiTCKaeT paBencTBO Xi(0) +X2(0) = 0. 

3a(|)HKCHpyeM Tenepb nponsBOJibHyio (J)yHKii;Hio G Cq(M), TOJK;i;ecTBeHHO paBnyio 1 b 

HeKOTOpOH OKpeCTHOCTH TO^KH 0, H paCCMOTpHM nOCJieflOBaTejIbHOCTH (|)yHKn,HH {Xj,n}^=l BH^a 

Vt G M Xj^n{t) = ^{t/n) ■ Xj{t). 

KaK HecjiojKHO noKaaaTb, nocjie^OBaTejibHOCTH {Xj^n}'^^=i h {^j[n}'n=i cxo^aTca b npocTpancTBe 

Li(R) K (|)yHKii;HaM Xj h X", cooTBeTCTBenHO. Teivi caMbiM, fljia (|)ypbe-npoo5pa30B Xj „ 

4)yHKii;HH Xj^n SyflyT BbinojinaTbca cooTHomeHna ()3.7p . 

Z/Jag 2. 05o3HaHHM nepea U m V KBasHMHoroHJieHbi BH^a 

N 

VtGM U{t) = J2'^ke~'^''^ 

k=l 
N 

VtGM V{t) = J2^ke-'^'''- 

k=l 

BBH^y jiHHefiHOH HeaaBHCHMOCTH BejiHHHH nafl nojieM Q, KBasHMHoroHJien 1 — U — V 

HMeeT Ha M e;i;HHCTBeHHbiH (npHMeivi npocTon) nyjib b TOHKe 0, a KBasHMHoroHJieH 1 — U + V 
He HMeeT na M hh OflHoro nyjia. 

PaccMOTpHM Tenepb HOCJie;i;oBaTejibHOCTH {Zj^n}^=i (|)HHHTHbix 4)yHKH;HH KJiacca Cg(]R), 
yflOBJieTBopaioni;Hx CHCTeiviaM ypaBHeHHH 

(1 - f/ - + Z2,n) = Kn + ^2,n, 

(1 - f/ + V){Z,,, - Z2,n) = Kn - X2,n. 

CyHi;ecTBOBaHHe TaKHx 4)yHKH;HH rapaHTHpoBano paBencTBaMH Xi„(0) + X2,„(0) = h 
xapaKTepoM rjiaflKOCTH 4)yHKH;HH (f. HecjiojKHO saivieTHTb, hto (J)ypbe-Hpoo6pa3bi „ (|)yHKH;HH 
Zj^n Sy^yT yflOBjieTBopaTb ypaBnenHaM ()3.8jl . (13.9jl . Ha peayjibTaTOB npeflbi^ymero mara h 
jieMMbi ini21 (npHMenaeMOH OT^ejibHO k BemecTBennbiM h mkhmmm ^acTaM 4)yHKn,HH Zj „ h 
BbiTeKaeT Tenepb, hto nocjie^OBaTejibnocTH {Zj^n}'^=i paBHOMepno na M cxo^aTca k pemennaM 
ypaBHennii (|3.3|] . ()3.4|] . O^naKO npn Bcex j = 1, 2 n n = 1, 2, . . . aaBe^OMO cnpaBe^JinBbi 
paBencTBa 

lim Zj^nif) = 0. 

f— >+oo ' 

TeM caMbiM, jieMMa flOKasana. □ 

^OKASATEJlbCTBO TEOPEMbi 13.21 3a(J)HKCHpyeM npoH3BOJibHoe hhcjio e > 0. 
3a4)HKCHpyeM TaKJKe nncjia (j, rjifi j = 1, 2, yflOBJieTBopaion^He nepaBencTBaM Ci + C2 7^ n 



+00 

j Xjd^-(j 



< e. 



HocKOJibKy (J)yHKn,HH Xj , r^e j = 1,2, yflOBjieTBopaiOT acHMHTOTHKe (13 .211 , onn MoryT SbiTb 
npeflCTaBjienbi b sn^e 

Xj = Xj + Xj + Xj , 
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rfle: 



(J)yHKii;HH X? G Cg(M) y^OBJieTBopaiOT paBencTBy 



-l-oo 

j (X° + X°)rf/i = 0; 



(J)yHKn,HH Xj conocTaBjieHbi BejiH^HHaM Q na ochobg jieMMbi 13.41 
4)yHKii;HH Xf noflHHHaiOTca HepaBencTBaM 



+ 1 



KoM6HHHpya yTBepjKfleHHa jigmm 13 .21 13.41 h 13. 5[ ycTanaBJinBaeM, hto 4)yHKii;HH Zj 

acHMnTOTHHecKH npn t ^ +oo cnpaBe;i;jiHBbi oii;eHKH 



Z,-^ I {X^ + X,)df, 



rfle nocToaHHaa C onpeflejiena jigmmoh 13.21 HocKOJibKy e BbiGpano npoHSBOJibHbiM o6pa30M, 
TO TBM caMbiM TGopeivia ;i;0Ka3aHa. □ 



4. AcHMHTOTHKa cneKTpa 

HepeH^eM Tenepb k paccMOTpenHio cneKTpajibHbix cbohctb onepaTopnoro nynxa 

o o 

Tp : [0, 1] — * Pl/g onpe;i;ejiaeMoro TOJK;i;ecTBOM 

1 

yy,zeWl[0,l] {Tp{X)y,z) = j {y'^ + XP ■ {y'z + y-^)} rf/i, 



o 

rfle P — o6o6iii;eHHaa nepBOoSpaanaa bgcoboh 4)yHKii;HH p G H^2^[0, 1]. KaK h b |5, 
HMGHHO TaKOH nyMOK Mbi CBasbiBaeM c rpaHHHHoii 3a;i;aHeH ()1.HI . ()1.2|l . Hpn (J)opMyjiHpoBKe 
flajibHefliuHx yTBepjKfleHHH 6y;i;yT HcnojibsoBaTbca oSoaHaneHHa h TepMHHOJiorna h3 [3|. 
Ha ocHOBe xeopeivibi 12.11 vcTanaBJiHBaeTca cnpaBefljiHBOCTb cjie;i;yioiii;ero yTBepjK;i;eHHa. 



Teopema 4.1. Uycmb P G i^2[0, 1] — apucf^MemuuecKU caMonododnan c luasoM v (pyuK'nuH, 
UMeww^an noAOCHCumeAbHuu cneKmpaAbHuu nopsidoK D. Uycmb npu amoM cnpaeedAueu 
CAedywui^ue ycAoeusi: 

o 

(1) o6o6iu,eHHaH npouseodnaH p G 1^2^^ [0, 1] (pyuKv^uu P omAUHua om uyAH; 

(2) dAsi AK)6o30 HOMepa k ^ n co ceoucmeoM rf^ > omnomeHue 

-^^ In K 141) 

HeAnemcH HemnuM; 

(3) Oah ak)6o30 HOMepa k ^ n co ceoucmeoM dk < omHomenue (|4.H) neAHemcH 
HeuemHUM. 
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Tosda cymecmeyem maKasi Henpepuenasi noAootcumeAbHasi 2-nepuoduHecKaH c^yuKv^uji s, nmo 
npu A — > +00 cnpaeedAueo acuMnmomuHecKoe npedcmaeAenue 

indT,(A) = A^/^.(. 

a npu A —00 cnpaeedAueo acuMnmomuHecKoe npedcmaeAenue 

indT,{\) = \\f/'.[s (^-1) +«(!))• 

AHajiorHHHO, na ochobg Teopeivi 13.11 h 13.21 ycTaHaBJiHBaeTca cnpaBefljiHBOCTb cjieflyiomero 
yTBepjKfleHHa. 

Teopema 4.2. Uycmt) P G L2[0 , 1] — neapu^MemunecKU caMonododnan 4>ynKU,UH, 



UMewvj^aM noAOCHCumeAhHuu cneKmpaAbHuu nopndoK D. Uycmh manotce p G Vr2^^[0, 1] — 
o6o6yj,eHHaji npouseodnan c^yuKv^uu P. Tozda UMewm Mecmo CAedytom^ue (paKmu: 

(1) cymecmeytom manue neompunameAbnue hucau s±, umo npu A ±00 cnpaeedAueu 
acuMnmomunecKue npedcmaeAenusi 

indT,(A) = |A|^/2.(.± + o(l)); 

(2) ecAU npu ueKomopoM k G {l,...,n} uMeem Mecmo nepaeencmeo dk < 0, mo 
cnpaeedAueo paeencmeo 3+ = s_; 

o 

(3) ecAU dAH HCKomopou (j)yHKU,uu y G 14^2^^ [0,1] UMcem Mccmo nepaeencmeo 
(p, > 0, mo HUCAO s+ noAOCHCumcAbno. AnaAosuuno, ecAU Bah nenomopou 

o 

4>ynKU,uu y G W^g^fO'l] UMcem Mecmo nepaeencmeo (p, < 0, mo hucao s_ 
noAOMCumcAhno. 

/l,0Ka3aTejibCTBa xeopeM f4. II h W?I\ no.rTHOCTbTO anajiorH^Hbi ^OKaaaTejibCTBy TeopeMbi 4.2 h3 
pa6oTbi no3TOMy na ^eTajiax mm a^ecb ne ocTanaBjiHEaeMca. 

5. HHCJieHHbie peayjibTaTbi 

B Ta6jiHn,e ^ npe^CTaBjienbi peayjibTaTbi ^HCJiennbix pac^eTOB ^jia nepsbix flBena^itaTH 
nojioJKHTejibHbix H OTpHn,aTejibHbix co6cTBeHHbix SHaneHHii aa^anH IIlTypMa-JlHyBHjiJia, 
BecoBoii 4)yHKn,HeH b KOTopofi BbiCTynaeT o6o6meHHaa npoHSBO^Haa KBa^paTH^HO 
cyMMHpyeMoii (J)yHKii;HH c napaivieTpaMH caMonofloSna 

AT = 3, 

= 0-2 = % = 1/3, 

^1 = ^3 = -1/2, d2 = 0, 

A = 0, I32 = P^ = 1/2. 

3Ta 3a;i;aHa no;i;naflaeT nofl ;i;eHCTBHe TeopeMbi l4.1l OTBenaiomaa eii 4)yHKii;Ha s HMeeT b TOHKax 
H 1 SHaneHHa 



0,29 ^s(O) ^ 0,36, 
0,60 ^s(l) ^ 0,68. 
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n 


An 


n 






n 


An 


\n\/ 


1 \ 1 

l^nl 




1 


6,72 


10*^ 


± 


1% 


0,478 


± 


0,001 




-1 


-2, 


30 


10^ 


± 


1% 


0,297 


± 


0,001 


2 


9,75 


101 


± 


1% 


0,340 


± 


0,001 




-2 


-2, 


58 


10^ 


± 


1% 


0,569 


± 


0,001 


3 


1,40 


10^ 


± 


1% 


0,443 


± 


0,001 




-3 


-5, 


11 


10^ 


± 


1% 


0,269 


± 


0,001 


4 


1,50 


102 


± 


1% 


0,575 


± 


0,001 




-4 


-5, 


82 


102 


± 


1% 


0,341 


± 


0,001 


5 


2,34 


102 


± 


1% 


0,605 


± 


0,001 




-5 


-5, 


86 


102 


± 


1% 


0,425 


± 


0,001 


6 


2,89 


10^ 


± 


1% 


0,275 


± 


0,001 




-6 


-8, 


12 


102 


± 


1% 


0,449 


± 


0,001 


7 


3,06 


10^ 


± 


1% 


0,313 


± 


0,001 




-7 


-8, 


41 


102 


± 


1% 


0,517 


± 


0,001 


8 


3,06 


103 


± 


1% 


0,358 


± 


0,001 




—8 


-9, 


03 


102 


± 


1% 


0,575 


1 

± 


r\ r\r\ 1 

0,001 


9 


3,49 


103 


± 


1% 


0,383 


± 


0,001 




-9 


-9, 


10 


102 


± 


1% 


0,645 


± 


0,001 


10 


3,49 


103 


± 


1% 


0,426 


± 


0,001 




-10 


-1, 


41 


103 


± 


1% 


0,605 


± 


0,001 


11 


3,51 


103 


± 


1% 


0,467 


± 


0,001 




-11 


-1, 


69 


10"^ 


± 


1% 


0,254 


± 


0,001 


12 


3,53 


103 


± 


1% 


0,509 


± 


0,001 




-12 


-1, 


73 


10^ 


± 


1% 


0,275 


± 


0,001 




Tabjihli;a 1 


. Oii;eHKH 


nepBMx co6cTBeHHbix 




= 3 





ai = a2 = as = 1/3, di = d^ = -1/2, ^2 = 0, A = 0, /^s = /?3 = 1/2. 

TaKHM o6pa30M, yTBepjKflaeivioe xeopeMOH 14. II vnBoeHHe nepHo;i;a btoh 4)yHKii;HH no cpaBneHHio 
c paccMOTpeHHbiM B pa6oTe HeBbipojK;i;eHHbiM cjiynaeivi npe;i;cTaBJiaeT coSoii ;i;eHCTBHTejibHO 
Ha6jiio;];aeMbiH 34)(J)eKT. 
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